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MATRIX METHOD OF RECEIVING THE FULL COMPOSITION
OF THE GROUPS OF RELATIVITY OF BOOLEAN FUNCTIONS

The article describes a matrix method for obtaining the full composition of the groups of relativ-
ity of Boolean functions on the basis of a universal permutation matrix.

This method makes it possible to obtain the full composition of the group of relativity on the ba-
sis of one Boolean function of its composition, the name of the group of relativity (the smallest binary
number of Boolean function in the group), to construct the minimal form for any of Boolean functions
of the group without the process of minimization if at least one function from the group of relativity is
already minimized.

The phenomenon of the groups of relativity in symbolic logic is due to the problem of numerology.
It is due to the fact that all arguments of Boolean function are absolutely equal, but when constructing a
truth table, columns must be put in a certain order. As a result, there are large groups of functions hav-
ing the same properties, because they have the same internal structure. The advantage of group data is
that they completely cover the full range of Boolean functions without overlapping one another. This
makes it possible to significantly reduce the number of objects studied within the complete set L(n) of all
Boolean functions f(n) by examining only one Boolean function from the whole group.

The full composition of the group of relativity based on the truth table of the function can be
formed by performing two equivalence operations — by rearranging columns of arguments in places or
by replacing the arguments columns with their inverses, without changing in both cases the values in
the column of the result. It is these actions that underlie the implementation of the method. To simplify
the implementation of the method, recursive procedures are replaced by cyclic ones.

This method is developed as a working tool for studying the relationships between the groups of
relativity in terms of the decomposition of Boolean functions in order to find new effective methods of
minimization.
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Relevance of research. The problem of
minimizing Boolean functions (BFs) with a large
number of arguments is one of the most laborious
stages in the process of synthesizing digital units
(CBs) of promising computer systems.

A key step in the development of new
methods for minimizing BF is the study and re-
search of patterns of the structure and internal
organization of BF, as well as factors facilitating
the process of their minimization.

In the research of BF whole groups of
Boolean functions — groups of relativity (GR) [1]
— are found, combining BF with the same proper-

ties (see Table 1). As a result, BF data inside the
group have the same circuitry [2].

The main advantage of GR is the fact that
the groups of relativity cover the complete set of
BFs. Therefore, the study of only one BF from the
GR instead of all BFs allows for a significant ac-
celeration of the study of a complete set of BFs.

Taking into account the importance of the
groups of relativity in the systematic study of the
complete set of BFs, the actual problem con-
sists in the development of an effective method
for obtaining the full composition of GR based
on one of its BFs.
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Table 1 Table 2
Number of groups of relativity Table of truth of Boolean function
of Boolean functions Line Columns of arguments
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5 c
o= 0 0 0 0 0o |o
nN | 82 Number of relatz\(ljl:lr:Ibgerroups in -
| E@ of BFin L(n) 1 0 0 0 0 1 Vi
3 % L(n)
= 2 0 0 0 1 10| v
[
1 2 24:16 5 3 0 0 0 1 1 Y3
2 3 |28=56 24 - :
3 4 |2'°=65.536 402 n-2 1 1 L O 1] yne
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Analysis of recent research and publica-
tions. Belarusian group of scientists under the
guidance of Zakrevsky [3] pays considerable at-
tention to the study of the properties and charac-
teristics of BF structure. The laboratory of logical
design, organized by him in 1971, gave a whole
galaxy of scientists of this school: Bibilo P. N.
[6], Pottosin Yu. V. [7], Cheremisinova L. D. [8],
Toropov N. R. [9] and others.

Considerable attention to the research
problem is given to this topic at Omsk State Uni-
versity [4]. Researches are conducted also in
Ukraine [5]

Formulating the goals of the article.
Solving the problem of minimizing BF with a
large number of arguments based on unrepeatable
Boolean functions enables to construct high-
performance computer systems in positional bi-
nary numerical systems that perform arithmetic
calculations similar to systems of residual classes
(SOK), where each digit of the number is calcu-
lated separately without taking into account jun-
ior grades. For systematic research in this direc-
tion, there is a need to develop a simple method
for the rapid acquisition of the full composition
of BF in a specific GR based on one of its BFs.

The purpose of the article is to describe a
developed matrix method for obtaining a com-
plete membership of relational groups of Boolean
functions.

Presenting main material. Boolean func-
tions are a subset of logical functions that can be
described using a truth table (T1 BF) (Table 2).

The result column y specifies the binary
number of a specific BF:

Y=YnaY¥n2--Y3¥2Y1Yo,
where ', is either O or 1.

Obviously, one BF corresponds to a specific bi-
nary number. Binary numbers allow to see all BF
states, to sort and group them by properties.

In [1] it is shown that the full GR composi-
tion on the basis of Tl BF can be formed by per-
forming two equivalence operations — by rear-
ranging columns of arguments or by replacing the
columns of arguments with their inverses, with-
out changing in both cases the values in the result
of column TI BF.

The subset of the permutation of argu-
ments contains in the general case n! variants of
Boolean functions, and the subset of the substitu-
tion of arguments by their inversions — 2" variants
of BF. Therefore, the maximum amount of BF
within one GR may be, if not taking into account
the mutual overlapping of BF:

N <nl2". (€))

As it follows from the formula, the number
of permutations, depending on the number
of arguments, grows in an avalanche way (Ta-
ble 3).

The matrix method for obtaining the full
membership of the groups of the relativity of
Boolean functions is based on the use of a uni-
versal permutation matrix. The versatile matrix of
permutations is a table whose rows are all vari-
ants of permutations obtained as a result of per-
mutations of columns and inversion of arguments
in TI BF. Elements of the matrix are the index
numbers of the binary number BF.

The method of obtaining the full member-
ship of GR consists of two stages:

1. Preparatory stage — the stage of ob-
taining a universal matrix of permutations. The
universal matrix is unique to BFs that contain a
specific number of arguments. Therefore, it is
built once and used in the future for the full GR.
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Table 3
The size of the permutations matrix
for BF containing n arguments

A universal matrix of permutations, the
lines of which are indexes of the binary number
BF, is the result of the preparatory stage. For BFs

s @ o containing two arguments, it has the form (Ta-
N = Matrix size ble 4
S o € )
Ne| 2 E
= Number of Number
> .
> 5 | characters per line of rows Table 4
1 2 2 8 Universal matrix for permutations
2 3 8 48 for BF containing two arguments
3 4 16 384 o o
4 5 32 3840 Combination Index in binary
5 6 64 46 080 options number BF
6 7 128 645 120
7 8 256 10 321 920 113 2 1 0
8 9 512 185 794 560 2| 3 1 2 0
9 10 1024 3715891 200 3| 2 3 0 1
10 11 2048 81 749 606 400 1 3 0 2
11 12 4096 | 1961 990 553 600 4
12 3 8192 51011 754 393 51 0 3 2
. 6| 2 0 3 1
At the preparatory stage, one must first
build a complete list of permutations of columns 710 1 2 3
of arguments in places and inversions of columns 8l 0 2 1 3

of arguments in TI BF. Then, for each combina-
tion of arguments, the corresponding binary in-
dex number BF should be constructed.

The algorithm for obtaining a universal ma-
trix of permutations has the form (Fig. 1).
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Fig. 1. Algorithm for obtaining
a universal matrix of permutations

2. The main stage — Stage of getting the
full membership of GR.

To obtain the full membership of GR in the
zero line of the universal permutation matrix, one
must place the binary number of BF from the
desired GR (Table 5) and, by index, construct all
the BFs from the given GR.

Table 5
Application of a universal matrix
of permutations for building a complete GR

Ne BF Binary Number
of 0 [ 1 [ o] 1 Result

Index in BF binary

number BF

1 3 2 1 0 0101
2 3 1 2 0 0011
3 2 3 0 1 1010
4 1 3 0 2 1100
5 1 0 3 2 0101
6 2 0 3 1 0011
7 0 1 2 3 1010
8 0 2 1 3 1100

As a result, for the given BF 0101 the GR
has been received with four BFs: 0011, 0101,
1010, 1100. The GR has the smallest number of
BFs - 0011.
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Conclusions:

. The phenomenon of the groups of relativity in
symbolic logic is due to the problem of nu-
merology. It is due to the fact that all argu-
ments in BF are absolutely equal, but when
constructing Tl BF, they need to be put in a
certain order.

. A matrix method for obtaining a full composi-
tion of the groups of relativity of Boolean
functions is developed in the article on the ba-
sis of a universal permutation matrix.

. This method makes it possible to obtain the
name of GR (the smallest binary number BF
in GR), the complete GR composition based
on one BF of its composition, to construct a
minimal form for any of BFs from the GR
without the minimization process, if at least
one BF is already minimized from GR.

. This method is a working tool for investigat-
ing the interrelationships between GRs in
terms of BF decomposition. This makes it
possible to significantly reduce the number of
objects studied within the complete set L(n) of
all BFs f(n) by examining only one BF from
the entire group.
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MATPUYHU METO]I OTPUMAHHS IIOBHOT'O CKIIALLY
I'PYII PEJIAATUBHOCTI BYJIEBUX ®YHKIIN

Y emammi onucano mampuunuii Memoo ompumanHs ROBHO20 CKAAOY epyn peramusHocmi Oyie-
8UX (YHKYIl Ha OCHOGI YHIBepcanbHOI Mampuyi nepecmanosok. Lleii memoo dae modxciugicms ompu-
Mamu nOSHULL CKA0 2pynu peismueHOCMi Ha OCHOBI 0OHi€el Oyne6oi (hyHkyil i3 ii ckaady, Has8y epynu
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pensmueHocmi (HatmeHwuil OinapHull Homep Oyaeoil Qynkyii 6 epyni), nodyodysamu MiHIiMATbHY ho-
pmy 05 6y0b-sK0i 6ynesoi pyHKyii 3i ckrady epynu 6e3 SUKOHAHHS Npoyecy MIHIMI3ayii, AKuo eoice
MIHIMI308aHA X04a 6 00HA QYHKYIA 31 CKAAOY 2Py PENSIMUBHOCHIL.

Lle 0ae mooxcnugicmo cymmeso 3mMeHuumu KiibKicms 00CTIONCYBAHUX 00 €KMI8 y Mexcax noe-
Hoi muodcunu L(n) ecix Oynesux ¢ynxyitl f(n), oocnioxcyrouu auwe oOHy Oynegy ¢yukyito 3 yciei epy-
nu. J{nsi cnpowierns peanizayii Memooy peKypCuHi npoyeoypu 3aMiHeHO Ha YUKITYHI.

Lleti memoO po3pobaeno ax pobouutl iHCmpyMeHm 0 OOCHOHNCEHHS 83AEMO38 A3KI6 MIdNC epy-
namu pesmueHoCmi 3 MouKy 30py 0eKoMno3uyii Oynesux QyHKyYil 018 NOUWYKY HOBUX eeKmuUGHUX
Memooie MIHIMI3ayil.

Knrwowuogi cnosa: Oynesa pynxyis, epynu peismueHOCHI, YHI6EPCantbHa Mampuysi nepecmanogox.

Cmamms naoitiuna 0o peoakyii 07.09.2018.
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